Introduction
Let X be a connected and pointed space. The k-th Gottlieb group G k (X) of X has been defined in [11] . This is the subgroup of the k-th homotopy group π k (X) containing all elements which can be represented by a map f : S k → X such that f ∨ id X : S k ∨ X → X extends (up to homotopy) to a map F : S k × X → X , where S k is the k-sphere. Throughout the paper we do not distinguish between a map and its homotopy class.
For k ≥ 1, define the k-th Whitehead center group or P-group P k (X) ⊆ π k (X) of elements α ∈ π k (X) such that the Whitehead product [α, β] = 0 for all β ∈ π l (X) and l ≥ 1. Then, G k (X) ⊆ P k (X) for all k ≥ 1 [11] . Furthermore, if X is a Hopf space, G k (X) = P k (X) = π k (X) for all k ≥ 1.
Let ι n be the generator of π n (S n ) represented by the identity map of S n . Given α ∈ π k (S n ), α ∈ G k (S n ) if and only if [α, ι n ] = 0. We note that G k (S n ) = P k (S n ) [9] , [47] .
Let R and C be the fields of reals and complex numbers, respectively and H the skew R-algebra of quaternions. Denote by FP n for the n-projective space over F. Put d = dim R F, write i k,n,FP : FP k ֒→ FP n for k ≤ n the inclusion map and write simply i F = i 1,n,FP : S d ֒→ FP n .
The purpose of this note is to determine some Gottlieb and P-groups of FP n . Our idea is based on Lang's result n!π 2n+1 (CP n ) ⊆ G 2n+1 (CP n ) [22] , Barratt-James-Stein's result about the Whitehead products [−, i F ] [3] .
The method is to use Siegel's result [43] , fibrations with S d(n+1)−1 , FP n as base spaces and the results on the homotopy groups of spheres [28] , [32] , [31] , [45] , [46] , the classical groups [21] , [25] , [26] , [27] , [29] , [30] , [33] , [34] , [35] , [36] .
For example, G k+n (RP n ) is partly determined and P k+n (RP n ) completely determined for n ≥ 2 and k ≤ 7.
We set P
and
Notice that P ′′ k (FP n ) = 0 if d = 1, 2 and k ≥ d + 1. We determine the fact that P 4n+3+k (HP n ) = P ′ 4n+3+k (HP n ) ⊕ P ′′ 4n+3+k (HP n ) and the group P ′ 4n+3+k (HP n ) for 0 ≤ k ≤ 10.
Some particular cases of our results about the Gottlieb groups of FP n overlap with those of [23] and [41] .
Whitehead center groups of projective spaces
Let EX be the suspension of a space X and denote by E : π k (X) → π k+1 (EX) the suspension homomorphism. Write η 2 ∈ π 3 (S 2 ), ν 4 ∈ π 7 (S 4 ) and σ 8 ∈ π 15 (S 8 ) for the appropriate Hopf maps, respectively. We set η n = E n−2 η 2 ∈ π n+1 (S n ) for n ≥ 2, ν n = E n−4 ν 4 ∈ π n+3 (S n ) for n ≥ 4 and σ n = E n−8 σ 8 ∈ π n+7 (S n ) for n ≥ 8. Note that ν n for n ≥ 5 and σ n for n ≥ 9 stand for generators of π n+3 (S n ) ∼ = Z 24 and π n+7 (S n ) ∼ = Z 240 , respectively. By abuse of notaion, these are also used to represent generators of the 2-primary components π n n+3 ∼ = Z 8 and π n n+7 ∼ = Z 16 , respectively.
Denote by γ n = γ n,F : S (n+1)d−1 → FP n the quotient map and by q n = q n,F : FP n → S dn the map pinching FP n−1 to the base point. Then, as it is well known,
Let ∆ = ∆ FP : π k (FP n ) → π k−1 (S d−1 ) be the connecting map. By [3] ,
By [14, Theorem (2.1)],
According to [47] , a map f : The following is obtained from (1.2) and Lemma 1.1:
By (1.2), [2, Corollary(7.4)] and [3, (4.1-3)], we obtain a key formula determining the Whitehead center groups of FP n .
Lemma 1.3
Let h 0 α ∈ π k (S 2d(n+1)−3 ) be the 0-th Hopf-Hilton invariant for α ∈ π k (S d(n+1)−1 ). Then:
(1) [γ n α, i R ] = 0, if n is odd, (−1) k γ n (−2α + [ι n , ι n ] • h 0 α), if n is even; (2) 
Hereafter, we use the results and notations of [45] freely. Let ν ′ and α 1 (3) be the generators of the 2-primary π 3 6 and 3-primary π 6 (S 3 ; 3) components of π 6 (S 3 ) ∼ = Z 12 , respectively. Set ω = ν ′ + α 1 (3) and α 1 (n) = E n−3 α 1 (3) for n ≥ 3. We use the relations (1.3) [ι 4 , ι 4 ] = 2ν 4 − Eω and E n−3 ω = 2ν n for n ≥ 5.
We write
where O(n), U(n) and Sp(n) denote the Lie groups of the orthogonal, unitary and symplectic n × n matrices, respectively. Furthermore, we set
Denote by i n = i n,F : SO F (n − 1) ֒→ SO F (n) and p n = p n,F : SO F (n) → S dn−1 the inclusion and projection maps, respectively. Then, we consider the exact sequence induced from the fibration SO F (n + 1)
the complex or symplectic J -homomorphism defined as follows:
. Then, we see that
Let ω n,R ∈ π n−1 (O(n)), ω n,C ∈ π 2n (U(n)) and ω n,H ∈ π 4n+2 (Sp(n)) be the characteristic elements for appropriate bundles. We note that ω 1,H = ω is the Blakeres-Massey's element, ω n,R = ∆(ι n ), ω n,C = ∆ C (ι 2n+1 ) and ω n,H = ∆ H (ι 4n+3 ).
As it is well-known,
is uniquely represented by two elements of π k (S 3 ):
Notice that we can take J[ι 3 ] = ν 4 and J[η 2 ] = ω .
Define the subgroups of π k (S d(n+1)−1 ) and π k−1 (S d−1 ) as follows:
We also define the subgroup
where −, − stands for the Samelson product.
For an abelian group G, we denote by
Write (−, −) for the greatest common divisor.
We show the following, in which (6) was suggested by K. Morisugi:
3)], the last of (1) follows. The rest of (1) is a direct consequence of (1.2).
By the properties of Whitehead products [48] and Lemma 1.3(3),
This leads to the first of (2) . If [Eβ,
. This leads to the second of (2) for n = 1. Since i H • ν 4 = 0 for n ≥ 2 and [Eβ,
and (n + 1)ν 4n+3 E 4n+3 β = 0 for odd n ≥ 3. This leads to the second of (2) for n ≥ 2.
Since ι 3 , β = ι 3 , ι 3 • E 3 β = ωE 3 β , we obtain (3).
(△) for β ∈ π k−1 (S 3 ; 3) implies β ∈ L ′′ k−1 (S 3 ; 3) and the first half of (4). The second half is a direct consequence of the definition of
Suppose that β = Eβ 1 + ν 4 β 2 ∈ P k (S 4 ) for β 1 ∈ π k−1 (S 3 ) and β 2 ∈ π k (S 7 ). Then, by the relation i H β = i H Eβ 1 , we obtain
This implies the inclusion P k (S 4 ) ⊆ EQ k−1 (S 3 ) ⊕ ν 4 * π k (S 7 ) and leads to the first half of (5). On the other hand, for β ∈ Q k−1 (S 3 ), we obtain [ι 4 , Eβ] = 2ν 4 E 4 β = 0 by the assumption. This means EQ k−1 (S 3 ) ⊆ P k (S 4 ) and leads to the second half of (5).
We have ν 4n+3 E 4n+3 β = J([ι 3 ] 4n+3 β). By the fact that π k−1 (S 3 ) is finite for k = 4 and
, we have (6) for k ≡ 1, 2 (mod 8).
This is a contradiction and leads to (6) for k ≡ 1 (mod 8).
By the parallel argument, we have the assertion for k ≡ 2 (mod 8) This leads to (6) and completes the proof.
Another proof of Lemma 1.5(6). To consider k ≡ 1, 2 (mod 8), write (according to Adams' notations [1] ) j r for the image of the generator in π r (SO) under J :
This and the relation νη = 0 imply a contradictory
we get for the stable Toda bracket 
Thus,
This is a contradiction with the above which leads to the assertion. Now, we show:
This leads to the first half.
Next, for an element
. This leads to the second half and completes the proof.
We recall the order of [ι n , α] for α = ι n , η n , η 2 n , Eω (n = 4), ν n , ν 2 n , Eσ ′ (n = 8) and σ n [9] .
2, if n is odd and n = 1, 3, 7, ∞, if n is even;
(1.12) ♯[ι n , ν (1.13)
We show: 
. This leads to (4) .
is an isomorphism, we obtain 2Eα = 0. Hence, (2)
-(i) leads to (5).
Since s[ι 8n+3 , α] = 0 for s = 2, p and tα 1 (8n + 3)E 3 α = 0 for t = 3, p. This leads to (6)-(i). The assumption on n implies 2n
. This leads to (6)-(ii).
Next, we show (7). By Lemma 1.3(3), we get that α ∈ M 8n+13 and the proof is completed. By Lemma 1.7 and the fact that η 3 5 = 12ν 5 , η 5 ν 6 = 0, π n+6 (S n ) = {ν 2 n } ∼ = Z 2 for n ≥ 5, we obtain:
Here, we show the following result in the abelian groups.
As it is well known,
be the P homomorphism in the EHP sequence defined as the notation "∆" [45] . Then, by [2, Corollary (7.4)] and [45, Proposition 2.5],
. By the additivity of the Whitehead products [48] and (1.2), we obtain
Then, we show: Lemma 1.10 Let n ≥ 2. Then:
Proof.
(1) follows from Lemma 1.3 and the relation
In the quaternionic case, this is equivalent the following two formulas:
By the assumption of (2),
That is,
. This leads to (3)-(ii). Notice that the condition ( * ) in (3)-(ii) implies the assumption (♭) of Lemma 1.9. Now, we obtain:
Proof. By Lemmas 1.10(2) and 1.7(1), we obtain (1).
By (1), Lemma 1.7(1);(4);(5) and the fact that P k (S 2 ) = π k (S 2 ) for k ≥ 3, we obtain (2). By (1) and Lemma 1.7(2)-(ii), we obtain (3). This completes the proof.
In particular, we derive that P k (CP 3 ) = π k (CP 3 ) for all k ≥ 1 [22] .
In the quaternionic case, we obtain:
(1) is a direct consequence of Lemmas 1.5(2), 1.10(1);(3), 1.7(2)-(iii) and the fact that
Let n be even. Then, Lemmas 1.5(4) and 1.10(3)-(i) lead to the first half of (2) (6), we obtain (3). This completes the proof.
is a cyclic group generated by α with [α, Eα ′ ] = 0. Then, the condition (♥) in Proposition 1.12(2)-(iii) holds.
Proof. By (1.17), (1.19) and (1.6),
This completes the proof.
Whitehead center groups of real and complex projective spaces
In this section, we determine some P-groups of real and complex projective spaces. By Lemma 1.3 and the fact that
Now, we show:
Proof. For odd n, the equality holds by Proposition 1.11 (1) . For n = 2 or the stable case, the equality holds by Proposition 1.11 (2) . So, it suffices to prove the pairs (k, n) = (3, 4), (4, 4), (5, 4), (5, 6), (6, 4) , (6, 6) , (7, 4) , (7, 6 ) and (7, 8) .
First, we calculate P 7 (RP 4 ). By Lemma 1.3(1) and (1.3), we obtain [9] and hence, Proposition 1.11(1) leads to the equality P 7 (RP 4 ) = γ 4 * P 7 (S 4 ). By the parallel argument, we obtain P 15 (RP 8 ) = γ 8 * P 15 (S 8 ).
Next, we determine P k (RP 4 ) for k = 8, 9, 10. We recall
. By Lemma 1.7(2)-(i) and (2.1), (Eν ′ )η 7 ∈ M 8 (S 4 ) and
By the parallel argument, we get the group P 9 (RP 4 ). We recall π 10 (S 4 ) = {ν 2 4 , α 1 (4)α 1 (7)} ∼ = Z 24 ⊕ Z 3 . By Lemma 1.3(1) and (2.1),
By (3.4) and (2.1), we obtain [γ 4 ν 2 4 , i R ] = γ 4 α 1 (4)α 1 (7) . This implies Ker[−, 2 4 }, and hence, by Proposition 1.11 (1), we obtain the group P 10 (RP 4 ). By Lemma 1.7(3), M 11 (S 6 ) = π 11 (S 6 ). So, by Proposition 1.11(1), we obtain P 11 (RP 6 ) = γ 6 * P 11 (S 6 ) = 3π 11 (RP 6 ) [9] .
We show the case (6, 6) . Recall π 12 (S 6 ) = {ν 2 6 } ∼ = Z 2 . By Lemma 1.7(2)-(i), M 12 (S 6 ) = π 12 (S 6 ). Hence, the assertion follows from Proposition 1.11 (1) .
Finally, recall P 13 (S 6 ) = 0 [9] . This implies the case (7, 6 ) and completes the proof.
Next, we show: , 2) and P 7 (CP 2 ) = 0, that is:
Proof. Notice that, in Proposition 1.11(3), we have
By Lemma 1.7(2)-(ii) and the relation η 5 ν 6 = 0, we obtain M k+5,C (S 5 ) = π k+5 (S 5 ) for 3 ≤ k ≤ 6. Moreover, by the fact that η 4 σ ′′′ = 0 [45, (7. To
There exist the elements 
Recall that there exists the element
We set β 1 (n) = E n−5 β 1 (5) for n ≥ 5. (8) , ♯β 1 (6) = 9 and ♯β 1 (n) = 3 for n ≥ 7.
By [45, (13.11), Theorem 13.9], π 2m+12 (S 2m+1 ; 3) = {α ′ 3 (2m + 1)} ∼ = Z 9 for m ≥ 2 and
We show: Proof. We use the exact sequence [45, Proposition 13.3] . The first half of (1) We recall π k (S 3 ) = {ν ′ η k−6 6 } ∼ = Z 2 for k = 7, 8, π 11 (S 3 ) = {ε 3 } ∼ = Z 2 and π 12 (S 3 ) = {η 3 ε 4 , µ 3 } ∼ = (Z 2 ) 2 and
We also recall: 
Proof. Since ♯ω = 12, we have the first of (1). We know ν ′ E 3 α = 0 for α = η 3 , η 2 3 , ε 3 , η 3 ε 4 , µ 3 and η 3 µ 4 . This leads to the rest of (1) and the fact that Q 13 (S 3 ) ∋ η 3 µ 4 . By (3.1) and (3.4), ωE 3 ω = E(α 1 (3)α 1 (6)). Hence, Q 6 (S 3 ) = 3π 6 (S 3 ) ∼ = Z 4 . Obviously, Q k+6 (S 3 ) = π k+6 (S 3 ) for k = 1, 2, 3 and (2) follows.
We recall ε ′ ∈ {ν ′ , 2ν 6 , ν 9 } = {ν ′ , ν 6 , 2ν 9 }. By [45, Lemma 6.6,(7.12)], (6) . This leads to (3).
By [39, Proposition (2.2)(5)], we know η 5 ζ 6 = 0. So, by the relation 2ζ 5 = ±E 2 µ ′ [45, (7.14)], we obtain ν ′ E 3 µ ′ = η 3 3 ζ 6 = 0. Hence, µ ′ ∈ Q 14 (S 3 ). Obviously, ν ′ ε 6 , α 1,7 (3) ∈ Q 14 (S 3 ). By the relation [45, (7.12) ]:
we have ν ′ ε 6 ν 14 = 0 and ε 3 ν 11 ∈ Q 14 (S 3 ). The fact that α 3 (3) ∈ Q 14 (S 3 ) follows from the relation α 1 (3)α 3 (6) = 3α 1 (3)α ′ 3 (6) = 0 (3.3), and (4) follows. The first of (5) follows from the group structure π 15 (S 3 ) = {ν ′ µ 6 , ν ′ η 6 ε 7 } ∼ = (Z 2 ) 2 , the fact that ν ′ ∈ Q 6 (S 3 ) (2) and Lemma 1.5 (1) . By the relation ν ′ η 6 µ 7 = ν ′ µ 6 η 15 and Lemma 1.5(1), ν ′ η 6 µ 7 ∈ Q 16 (S 3 ). So, by Proposition 3.1(2), we obtain Q 16 (S 3 ) = π 3 16 = {ν ′ η 6 µ 7 } ∼ = Z 2 and leads to the second of (5) . By the relation (3.5), we have ν ′ (ε 6 ν 2 1(3) ). This leads to the last of (5) and completes the proof.
Set σ ′ , σ ′′ , σ ′′′ for the generators of π n n+7 ∼ = Z 2 n−4 with 5 ≤ n ≤ 7. By abuse of notation, these are also used to represent the generators of π n+7 (S n ) ∼ = Z 15·2 n−4 with 5 ≤ n ≤ 7, respectively. We show:
Proof. First of all, recall that {ν 6 , η 9 , 2ι 10 } = [ι 6 , ι 6 ] + {2[ι 6 , ι 6 ]}. We know ν 5 • E 5 ν ′ = 2ν 2 5 = 0. This implies ν 6 E 6 π 3 k = 0 for 4 ≤ k ≤ 10. We know [ι 6 , η 6 ] = 0. So, we obtain [ι 6 , η 6 ε 7 ] = 0 and [ι 6 , ν 3 6 ] = [ι 6 , η 6ν7 ] = 0. Hence, by [45, (10.12) ], [ι 6 , µ 6 ] ≡ 0 mod [ι 6 , η 6 ε 7 ], [ι 6 , ν 3 6 ]. That is (3.6) [ι 6 , µ 6 ] = 0.
Let α ∈ π 5 k and β ∈ π 3 k be elements such that 2ι 5 • α = 0 and {η 4 , 2ι 5 , α} ∋ Eβ . Then, ν 6 E 6 β ∈ ν 6 • {η 9 , 2ι 10 ,
By [45, (7.25) ],
This and (1.15) imply ν 6 E 6 π 3 11 = Pπ 13 19 and ν 6 E 6 π 3 12 = 8Pπ 13 20 . From the fact that µ ′ ∈ {η 3 , 2ι 4 , µ 4 } and (3.6), we have
By the fact that π 5 18 ∼ = (Z 2 ) 2 , we obtain ν 5 E 5 ε ′ ∈ {ν 5 , 2ν 8 , ν 11 } • 2ν 15 ⊆ 2π 5 18 = 0. We obtain ν 6 E 6 (ν ′ ε 6 ) = 0. By the relation [45, (7.18)]:
we have ν 6 ε 9 ν 17 = 2ν 6 • ν 2 14 = 0. By (3.4), (3.5) and the relation ν ′ ζ 6 = 0 [39, Proposition (2.4)], we have 
This implies ν 6 E 6 π 3 22 = 0. Next, we examine the case for odd primes. This case appears for k = 6, 9, 10, 13, 14 and 16 ≤ k ≤ 22. By (3.1), the assertion (⋆) α 1 (7)E 7 π k (S 3 ; 3) = 0 holds for k = 6, 9, 13, 16.
By (3.2) and (3.3), (⋆) holds for k = 10, 14.
By (3.1) and Proposition 3.1(1), (⋆) holds for k = 17.
For k = 18, we have α 1 (7)E 7 π 18 (S 3 ; 3) = {α 1 (7) We propose: Writing R n k = π k (SO(n); 2), we get from (SF n k ) the exact sequence
Next, we show:
(2) P ′ 4n+3+k (HP n ) = γ n * π 4n+3+k (S 4n+3 ) for k = 1, 2, 4, 5, 8, 9, 10;
Proof. In view of Lemma 1.5(2),(3), Proposition 1.6 and Proposition 1.12(1), we get
We show that
for 0 ≤ k ≤ 10. In virtue of (1.7)-(1.14), we can determine P 4n+3+k (S 4n+3 ) for 0 ≤ k ≤ 7. Hence, by Proposition 1.6 and Lemma 1.7 (8)- (11), we obtain P ′ 4n+3+k (HP n ) for 0 ≤ k ≤ 7. In the case that 8 ≤ k ≤ 10, we have M 4n+3+k (S 4n+3 ) = G 4n+3+k (S 4n+3 ) = π 4n+3+k (S 4n+3 ). This determines P ′ 4n+3+k (HP n ) for 0 ≤ k ≤ 10. Now our task is to check the condition (♥) in Proposition 1.12.2(iii). Let n be even and we work in the 2-primary component. The assertion is a direct consequence of the fact that [ι 4n+3 , π 14) . So, for the case n = 2 and n ≡ 0, 2 (mod 4), suppose that there exists an element
. By [4] and [15] ,
Here, the direct summand Z 2 corresponds to the Bott result: For n even, since [ι 8n+3 , σ 2 8n+3 ] = 0 [37, Table 1 ], The assertion of Theorem 3.5 for k = 7, n ≡ 0 (mod 4) is obtained from Corollary 1.13 (2) .
Since [ι n , ζ n ] = 0 except for n ≡ 115 (mod 128) [9, p. 426] , we obtain Remark 3. 6 The assertion of Theorem 3.5 for k = 11 holds and P ′ 4n+14 (HP n ) = γ n * π 4n+14 (S 4n+3 ) if n ≡ 115 (mod 128).
By Proposition 1.12, Lemma 3.2 and Theorem 3.5, we obtain: Proposition 3.7 (1) Let n ≥ 2. Then: 
Gottlieb groups of real projective spaces
Hereafter, we set
First of all, we show
Proof. The real case is just [11, . For any element
In the sequel, we need the following. Let K be a closed subgroup of a Lie group H and write H/K for the left coset. We recall [43 
for the quotient map. Now, we consider the exact sequence induced from the fibration
Next, we consider the natural map from (SF
We show:
In particular, under the assumption,
Proof. By the commutativity of the right square of the diagram (4.2), Ker ∆ F = γ n −1 * (Ker ∆ ′ F ). Hence, (4.1) implies (1).
By the assumption, (1.4) and ( 
By [10] and [41] , we know: 
if n is even; π n (RP n ), if n = 1, 3, 7; 2π n (RP n ), if n is odd and n = 1, 3, 7.
By Lemma 4.3(1) and the fact that π k−1 (SO(2)) = 0 for k ≥ 3, we derive:
Theorems 2.1, 4.5 and 4.6 imply
We examine the the equality:
Let p be an odd prime. By use of Serre's isomorphism [45, (13.1) ], the equality ( * ) Eα for α ∈ π k+2n−1 (S 2n−1 ; p) holds if ♯α = ♯E 2n α. For example, α is taken as α 1 (2m + 1) ∈ π 2m+4 (S 2m+1 ; 3), α 2 (2m + 1) ∈ π 2m+8 (S 2m+1 ; 3), α 1,5 (2m + 1) ∈ π 2m+8 (S 2m+1 ; 5) for m ≥ 1 and β 1 (2m + 1) ∈ π 2m+11 (S 2m+1 ; 3) for m ≥ 3. We show:
(1) The inequality ♯∆α ♯[ι n , α] holds if and only if:
is not a monomorphism if and only if (k, n) = (3, 4), (4, 4) , (5, 4) , (6, 4) , (5, 6), (7, 8) , (7, 11) 
if n is odd and n = 1, 3, 7; ∞, if n is even;
By (1.16), (1.7), (1.8) and (1.9), the equality ( * ) α holds for α = ι n , η n , η 2 n . We show ♯∆(Eν ′ ) = 4. In the exact sequence (R 4 3 ): Table] , we have ♯∆ν 2n+1 = 2. So, by (1.16) and (1.11) , the equality ( * ) ν 2n+1 holds if n = 2 i − 2 with i ≥ 3. By (R 2n 2n+2 ), [21, p. 161 , Table] and the fact that π 14 (SO(12)) ∼ = Z 24 ⊕ Z 4 [25] , ♯∆ν 2n = 24, if n is even and n ≥ 4; 12, if n is odd and n ≥ 3 or n = 6.
This implies ±∆(Eν
Hence, by (1.11), the equality ( * ) νn for n ≥ 4 does not hold if and only if n = 2 i − 3 with i ≥ 4.
By the fact that π k (SO(5)) = 0 for k = 8, 9, the map ∆ :
. By (R 6 10 ) and the fact that π 10 (SO(6)) ∼ = Z 120 ⊕ Z 2 , π 10 (SO (7)) ∼ = Z 8 [21, p. 162 ,  Table] and π 10 (S 6 ) = 0, we obtain ♯∆[ι 6 , ι 6 ] = 30. On the other hand,
We have ∆ν 2 8n−1 = (∆ν 8n−1 )ν 8n+1 = 0 for n ≥ 1. By [9, Lemma 3.1], ∆ν 2 8n−k = 0 if n ≥ 1 and k = 3, 4.
Next, we need the formula parallel to (4.3):
Here, we use the fact that π 7 (SO (7)
Let n ≡ 3 (mod 8) ≥ 11. We consider the commutative diagram
where V n,k = SO(n)/SO(n − k) is the Stiefel manifold and the horizontal, vertical sequences are exact.
By [4] , i n,n+3 * is a split epimorphism for n ≥ 19 and in view of [21, p. 16 , Table] ,
This implies that i 11,14 * : π 17 (SO (11)) → π 17 (SO (14)) is a split epimorphism as well.
Denote by RP n k = RP n /RP k−1 for k ≤ n the stunted real projective space. We obtain
Hence, by the diagram (⋄), ∆ν 2 n = 0 and thus, by (1.12), we conclude that the equality ( * )
We recall the relation σ ′′′ = {ν 5 , 24ι 8 (6)) ∼ = Z 60 of σ ′′′ . This implies ∆σ ′′′ = 0. By (3.7), the equality ( * ) σ ′′ holds.
In virtue of [29, p.132 , Table] , π 14 (SO (7)) ∼ = Z 2520 ⊕ Z 8 ⊕ Z 2 and π 14 (SO (9)
In 14) . Hence, the equality ( * ) α for α = Eσ ′ , σ 8 does not hold.
By [20, p. 336] , ♯∆σ 11 = 2 and we know [ι 11 , σ 11 ] = 0 (1.14). The remaining cases are for σ n with n = 9, 10 and n ≥ 12. These are obtained by the parallel argument to ν n . This leads to (1).
By (1.16), the J -homomorphism restricted to {∆α} ⊆ π k−1 (SO(n)) is a monomorphism provided the equality ( * ) α holds. Hence (1) implies (2). This completes the proof. Now, we show the following result extending Theorem 4.6:
Theorem 4. 9 The equality G k+n (RP n ) = γ n * G k+n (S n ) holds if k ≤ 7 except the following pairs: (k, n) = (3, 4), (4, 4) , (5, 4) , (6, 4) , (5, 6) , (7, 8) , (7, 11) 
Proof. In the light of Lemmas 1.2, 4.3, 4.8, Proposition 1.11(1), [9] and [44] , we obtain the equality.
By ( This leads to (4).
(5) follows from the fact that Ker {∆ : π 18 (S 11 ) → π 17 (SO(11))} = 2π 18 (S 11 ). (6) follows from the fact that Ker {∆ :
This completes the proof. To state the next result, we recall from [45] and [9] :
Hence, by (1.7)-(1.14), (4.9)-(4.13), Proposition 4.1 and Corollary 4.4, we obtain:
(2) G n+k (RP n ) = 0 if n ≡ 0 (mod 8), n ≥ 16 and 8 ≤ k ≤ 10.
Gottlieb groups of complex and quaternionic projective spaces
By [12, Theorem 1], we obtain
proved in [8] , [22] and [23] as well.
We recall the group structures of π 2n−1+k (SU(n)) for 0 ≤ k ≤ 4, 6 and k = 7 from [5] , [6] , [21] , [26] , [27] and [25] .
if n is even, Z (24,n+3)/2 , if n is odd and n ≥ 3;
Notice that π 2n (SU(n)) is generated by ∆ C (ι 2n+1 ) = ω n (C) = j n Eγ n−1 , where j n : ECP n−1 ֒→ SU(n) is the canonical inclusion satisfying p n j n = Eq n−1 . Then, by (1.1),
Notice that π 4n+1 (SU(2n)) is generated by ∆ C (η 4n+1 ) = ω 2n η 4n . By making use of the exact sequences (C n 2n+k ) for 0 ≤ k ≤ 3, k = 6 and the results above, we obtain the following result which overlaps with that of [21, pp. 163-5] :
if n is even, (24, n + 3)/2, if n is odd and n ≥ 3;
By Lemmas 4.3(1) and 5.1(1), we obtain [22, Theorem III.8]:
By Theorems 2.2(1) and 5.2, it holds
, if n is odd.
In particular,
Proof. By Proposition 1.11 (1) and the fact that G k+2n+1 (S 2n+1 ) = 0 if k = 1, 2 and n is even, we have G k+2n+1 (CP n ) = 0 in this case. By Lemmas 4.3(1) and 5.1(2)-(3), G k+2n+1 (CP n ) = π k+2n+1 (CP n ) for n odd. This leads to (1) .
Notice that G 6 (S 2 ) = π 6 (S 2 ) [23] , [9] . Lemmas 4.3(1) and 5.1(4) imply the first half of (2).
As it is easily seen (1.11), for n even, (24, Since ∆ C : π 10 (S 5 ) → π 9 (SU(2)) ∼ = Z 3 is trivial, we have G 10 (CP 2 ) = π 10 (CP 2 ) ∼ = Z 2 . This leads to (3).
(4) follows from Lemmas 4.3(1) and 5.1 (5) , and the proof is complete.
We obtain: Since ε 4n+3 ∈ {η 4n+3 , ν 4n+4 , 2ν 4n+7 } (mod η 4n+3 σ 4n+4 ), we have
Then, by the group structure π 4n+7 (SU(2n + 1)) ∼ = Z 2(12,n+1) , we obtain ∆ C ε 4n+3 = 0 for n even. This leads to (6) . By Lemma 5.1(4), ♯∆ C (ν 8n+7 ) = (12, 2n + 3). We recall from [28] that π s 21 (S 0 ) = {ηκ, νν * } ∼ = (Z 2 ) 2 and π s 22 (S 0 ) = {η 2κ , νσ} ∼ = (Z 2 ) 2 . This implies ∆ C (η 4n+3κ4n+4 ) = ∆ C (ν 8n+7 ν * 8n+10 ) = 0 and leads to (7) for k = 28. By the parallel argument, we have the case k = 29.
Next, we consider the case of the quaternionic projective space. By [12, Theorem 1], we obtain G 4 (HP n ) = 0 for n ≥ 1 proved in [8] , [22] and [23] as well.
By Proposition 3.7(1);(4) and [9] ,
G k (HP n ) = 0 if n ≥ 3 and k = 12, 13;
We recall the group structures π 4n−1+k (Sp(n)) for k = −1, 0 and 2 ≤ k ≤ 6 from [6] , [34] , [30] and [25] :
By making use of the exact sequences (SH n 4n+k ) for 2 ≤ k ≤ 5 and the results above, we obtain:
Notice that π 4n+2 (Sp(n)) is generated by ∆ H (ι 4n+3 ) = ω n (H).
By Lemmas 4.3(1), 5.5(1);(3) and 1.2, we obtain: (24,n+2) for n ≥ 2; Theorem 5.6(1) improves [23, Corollary 2.7] . We obtain:
for n ≡ 5, 9 (mod 12), n ≥ 5 and n ≡ 15, 23 (mod 24).
Proof.
(1) is a direct consequence of Theorem 5.6(2); (3) and Theorem 3.5(4).
We know ζ n ∈ {ν n , σ n+3 , 16ι n+10 } for n ≥ 13. Moreover, π 4n+13 (Sp(n)) ∼ = Z 8 if n ≡ 1 (mod 4) and n ≥ 5 and ∼ = Z (128,4(n−3)) if n ≡ 3 (mod 4) ( [35] , [36] ). So, for n satisfying (24, n + 2) = 1, n ≡ 1 (mod 4) or n ≡ 7 (mod 8), we obtain
This and Lemma 4.3 lead to (2) .
By use of the exact sequence (SH 
We have νρ ∈ ν • σ, 2σ, 8ι = 8 ν, σ, 2σ = 8ν * = 0. By [45, (10.22) ], H(ν 10 ρ 13 ) = E(ν 9 ∧ ν 9 ) • 4ν 25 = 0. So, by the fact that ν 10 ρ 13 ∈ Eπ 9 27 = {ζ 10 ,σ 10 } ∼ = π s 19 , we obtain (5.1) ν 10 ρ 13 = 0.
By [28, Lemma 6 .1] and its proof, we have
We obtain ν 2 6ε 12 = ν 2 6 η 12 κ 13 = 0. By [40, Lemma 6], ν 2 6 (E 3 ρ ′ ) = 0. We know σ ′′ κ 13 ∈ π 6 27 = {η 6κ7 }, E(σ ′′ κ 13 ) = 2σ ′ κ 14 = 0 and ηκ = 0 [28, Theorem A]. Hence (5.2) η 6κ7 = {ν 2 6 , 2ι 12 , κ 12 }.
As it is well known [17, (2.10)(b)], for the projection p n = p n,H : Sp(n) → S 4n−1 , we have
Then, we obtain:
Proof. We use ω n = ω n (H). By (5.1) and (5.2), it holds that {ν 2 n , 2ι n+6 , κ n+6 } ∋ η nκn+1 (mod σ n κ n+7 ) for n ≥ 10. Set n = 4m. By Lemma 5.5(3), ♯(ω n ν 4n+2 ) = 2(12, 2m + 1). So we can define the Toda bracket
By (5.3), we obtain p n * {ω n ν 4n+2 , 2(12, 2n + 1)ι 4n+5 , κ 4n+5 } ⊆ {ν Proof. By [28, (7.10) For any element β ∈ π m (KP 2 ) with m ≥ 8, we have
In particular, for α ∈ π 7 n−1 satisfying E 8 α = 0, we obtain (6.5) i K (Eα) ∈ P n (KP 2 ). Proof. Since π k (KP 2 ) ∼ = π k−1 (S 7 ) = 0 for k = 12, 13, 20 by Lemma 6.1, the assertion for k = 12, 13, 20 of (1) follows. By Lemma 6.1,
= i K ν 8 σ 11 ν 18 = 0. This leads to the assertion for k = 9, 10, 14 of (1).
We recall π 11 (KP 2 ) = {i K ν 8 } ∼ = Z 24 . By [45, Proposition 3.1], α 2 (3) ∧ α 1 (3) = α 2 (6)α 1 (13) = −α 1 (6)α 2 (9) . Hence, by (3.2), α 2 (7)α 1 (14) = α 1 (7)α 2 (10) = 0. Table] , we obtain ∆ K (i K α 1 (8)) = bα 1 (7) = 0
